Introduction
Roundness is a key quality measure of rotating components (i.e., rotors) in many fields of machinery, such as turbines, electric motors and rolls in the paper, steel and non-ferrous metal manufacturing industries. The rotational accuracy of a rotor is greatly affected by the bearings, which are core components of a rotor system. The bearings support the rotor during rotation and sustain the forces exerted by the rotor and external loads. Additional rotational error sources can be unbalance, bending stiffness variation and roundness errors of the rotor itself. Bearings are typically not tailored for a specific rotor, but they are considered as replaceable separate components. The roundness errors of the bearing components can deviate the motion of the rotor central axis as well as cause undesired subcritical resonance vibration of the rotor [1, 2] .
Typical bearing arrangement is a rolling element bearing with an outer ring connected to the foundation through the bearing housing, balls or rollers as rolling elements and an inner ring attached to the rotor shaft. The bearings excite vibrations into the rotor: the inner ring, outer ring and rolling elements have geometrical errors, which cause harmful vibration with a frequency proportional to the rotating frequency of the rotor. The most remarkable bearing element excitations are caused by the roundness profile of the bearing inner ring, which is attached to the rotor and rotates at the same frequency. The inner ring roundness profile is a sum of the inner ring and the possible conical adapter sleeve thickness variations and the roundness of the shaft (Fig. 1) , on which the bearing is attached. Thus, the final bearing inner ring roundness profile is a property of the bearing assembly on the rotor shaft. The roundness errors are commonly presented as harmonic components of the Fourier series.
ISO standard 12181 [3, 4] defines roundness as a feature of a circular cross-section of an object. Moreover, the diameter of a round object is typically measured as a two-point measurement, which is sensitive to the out-of-roundness of the measured object. If knowledge of the shape of the roundness error or the harmonic components of the roundness profile are needed for the application, roundness profile measurements are essential [5] [6] [7] .
Certain harmonic components of the roundness profile of a bearing inner ring can cause harmful subcritical resonance vibration in the operating range of a large rotor. The harmful subcritical resonances are observed, when the bearing inner ring excites the rotor at its natural frequency. For example, triangular (3rd harmonic) roundness error in the bearing inner ring excites the rotor three times per revolution leading to subcritical resonance at 1/3 of the natural frequency, with quadrangular (4th harmonic) roundness error at ¼ of the natural frequency etc. The amplitude of the harmonic components of the roundness error has a substantial effect on the vibration amplitudes [1, 2] .
Commercial roundness measuring machines are available for laboratory-scale measurements (diameter typically below 500 mm, length typically below 1000 mm). They typically utilize only one sensor for measuring the roundness profile, since the high-accuracy bearing of the roundness measuring machine confirms the accurate rotating motion of the workpiece. However, these machines cannot be used for large-scale rotor and bearing measurements due to the size of the objects. For example, rotors in the paper industry have diameters of over 1000 mm and a length of several meters up to 12 m. The roundness of slightly larger components can be measured with coordinate measuring machines, but the measurement uncertainty is larger than with roundness instruments.
Multipoint roundness measurement devices are typical in the paper and in the steel industry, where the roundness of the rolls is important for the quality of the end product. The measurement setup cannot prevent the rotational error of the centreline of the roll, and thus multipoint methods have to be used. Most of these roll roundness measurement applications rest on a three-point Ozono method, which uses three weighted sensor signals to calculate the roundness [8] . The control systems of the modern roll grinding machines enable the usage of the measured roundness profile for error compensation in the grinding process, where the roundness error has to be minimized [9] [10] [11] [12] [13] . Another multipoint method for spindle run-out separation is presented by Ref. [14] . In their study, the measurement system is implemented to measure the run-out of the spindle of a high precision turning lathe, and finally the roundness of the achieved workpiece.
The reliability of the measurement revealing the harmonic components of the roundness profile of an installed bearing inner ring is important for the manufacturing and quality control process of rotors with excellent dynamic properties.
Measurement uncertainty can be estimated with the GUM (Guide to the expression of uncertainty in measurement) method using a linear Taylor series [15] . The GUM method is fairly unambiguous and used commonly if the measurement method and model is simple, linear and well defined. However, for more complex measurements models, it is challenging to establish the sensitivity coefficients.
The GUM method was extended by applying Monte-Carlo simulations to evaluate the uncertainty [16] . The Monte-Carlo simulations enabled the introduction of randomised input quantities and the evaluation of their contributions to the measurement uncertainty. The benefit of the method is in using the true measurement model to evaluate the uncertainty, and thus a non-linear measurement model can be used [17] [18] [19] .
The phase of the harmonic components of the roundness profile, or the uncertainty of the phase, has received little attention in previous research. However, the phase of the harmonic components is significant, when considering, for example, applications, where the roundness profile measurement data is used as a feedback for the precision manufacturing procedure (such as 3D predictive grinding for round workpieces, presented, e.g., by Kuosmanen [12] . The phase error of the harmonic component can affect the interpreted roundness profile in a way, which essentially doubles the error, when used as feedback data for the precision manufacturing process. This paper presents a method to measure the roundness profile of a bearing inner ring, which is installed on a rotor shaft during the Fig. 1 . Schematic visualizing the formation of the roundness error of an installed bearing inner ring. On the left hand side, the roundness error (in this case the 3rd harmonic component, triangularity) is caused by the roundness error of the shaft, on which the relatively thin inner ring has been tightened and thus deformed. On the right hand side, the roundness error is caused by the triangular thickness variation of the bearing inner ring. In reality, the roundness error is a composition of both these error types.
measurement. The roundness profile was measured using a four-point method, which is able to separate the central axis movement and the roundness profile of the workpiece. Furthermore, the Monte-Carlo approach to measurement uncertainty analysis was used to estimate the measurement uncertainty of the measurement method. Particular consideration in the present study is directed to the phase uncertainty of the harmonic components of the roundness profile. The method is presented and applied to the bearing inner ring roundness analysis, and the results are presented and discussed.
Methods and material

Fourier series and roundness
The Fourier series can represent the roundness profile, describing the magnitude and the order of the waveforms deviating from the ideal circular shape. In the series, the second order (n ≥ 2) and higher terms are relevant. The zeroth order describes the offset and the first order describes the eccentricity; both of them can be compensated by adjusting the origin, and thus are not considered as part of the roundness profile. The visual representation of roundness profiles is typically made by using polar coordinates.
The fast Fourier transform (FFT) algorithm to transform a timedomain signal into the frequency-domain representation was initially presented by Cooley and Tukey [20] . The undesired components can be filtered simply in the frequency domain by manipulating the frequency domain coefficients (see, e.g., [21] . The FFT algorithm is used for both identifying and filtering the harmonic components in our research. With the usage of the FFT, the amplitudes and phases of the harmonic components of the roundness profile can be identified.
Roundness measurement with four-point method
The four-point roundness measurement used in this study has been designed to combine the two-point diameter variation measurement and the Ozono three-point roundness measurement. The methods are presented below.
The two-point method (Fig. 2 , sensors S1 and S4) can be used to measure diameter variation profiles or absolute diameters, if the distance between the probes is known. However, this method cannot be used for roundness profile measurements, since it suffers from harmonic filtration: odd waviness components (e.g., 3-lobe) cannot be separated from the motion of the workpiece central axis. With even lobe shapes, such a problem does not exist [9, 13, [22] [23] [24] .
The derivation of the diameter variation profile from the two-point method measurements is straightforward. It only includes the summation (addition or subtraction) of the probe signals. The equations are presented, for example, by Widmaier et al. [24] .
The three-point roundness measurement method presented by Ozono [8] is one of the first numerical multipoint methods for roundness evaluation. The Ozono three-point method utilizes three run-out signals (Fig. 2 , sensors S1, S2 and S3) measured from the workpiece surface. It is able to separate the central axis movement accurately. The three-point method does not suffer from the major harmonic filtration when the lobe number is below 35 and sensor angles 0°, 38°and 67°are used. To optimize the method for other lobe number ranges, different sensor angles should be used [14, 25, 26] . The method is complex, and the simplified equations are presented, for example, by Widmaier et al. [24] .
As mentioned earlier, the two-point method suffers from harmonic filtration making it unable to detect odd-numbered harmonic lobes in a roundness profile [9, 23] . However, even-numbered harmonics are detected accurately. A multi-point measurement method commonly used for roll geometry measurements [24] is the hybrid four-point method, which combines the three-point Ozono method with the two-point method. The hybrid four-point method originally presented by Väänänen [27] and further analysed by Widmaier et al. [24] uses the three-point method for odd harmonic component measurement and the two-point method to measure even numbered lobes. The measurement results are then combined together. The combined result has been found to be more accurate than results from one method alone [24, 27] . The idea to combine harmonic components from separate measurement methods has been stated in the roundness standards calibration as well [28] . Fig. 3 shows how to use the hybrid-method to extract the harmonic components of the roundness profile. The roundness profiles produced by both the two-and three-point method are Fourier transformed to obtain the amplitudes and phases of the harmonic components. The even components are selected from the two-point method, whereas the three-point method produces the odd components. This dataset represents the final distribution of amplitudes and phases of the harmonic components in the roundness profile.
Measurement device 2.3.1. Measurement device framework
The measurement frame was machined of aluminium. The fittings for the sensors were manufactured carefully without detaching the frame in the machine tool in between in order to minimize angular errors. The thermal expansion properties of aluminium are not optimal, but the problem was considered insignificant due to the short measurement time (less than 30 s). A rig made of aluminium profiles supported the frame.
Probes
Digital length gauges (Heidenhain MT12) were used. The working principle of these sensors comes from the photoelectric scanning of a grated measurement standard. The sensors have a plunger with a ball head for tactile probing. The accuracy of the length gauges was verified Fig. 2 . Probe orientations in a four-point roundness measurement system. Probes S1 and S4 are used with the two-point method. Probes from S1 to S3 are used with the Ozono three-point method. In the four-point method, all four probes are utilized.
to stay within ± 0.2 μm by interferometric calibration at VTT MIKES, which is the national metrology institute of Finland.
Measurement setup
The measurement setup (Fig. 4) consisted of a measurement frame with four probes attached to it and a bearing inner ring, which was measured while installed on the rotor shaft. This measurement method reveals the roundness profile of the bearing inner ring in operating conditions. The rotor was supported by separate rollers, since the bearing was measured, and thus could not support the rotor.
Calibration profile and disc
A calibration disc with a roundness profile consisting of harmonic components from 2 to 30 UPR (undulations per revolution) was manufactured previously in earlier research (Fig. 5, [9] . The roundness deviation was minimized by optimising the phase angles of the individual harmonic components.
Naturally, due to the manufacturing accuracy, the geometry of the realised disc differed from the designed geometry by a few micrometres. The design process and the measurements of several calibration discs, including the particular disc presented here, can be found in Refs. [29, 30] . The calibration disc roundness profile measured with the fourpoint method and with a reference device were compared, suggesting a less than 1 μm difference in harmonic amplitudes [24] .
Due to the previous use of the calibration profile ( Fig. 5 ) and the comparability of the results, the calibration profile was used as an input for the four-point algorithm in the present study as well. In addition to the phase distribution of the calibration profile, different phase distributions were randomly generated. These random phase distributions were used to analyse the effect of the phase of the harmonic components on the results of the roundness measurement.
Simulation based uncertainty evaluation
Uncertainty budgets and uncertainty evaluation have typically been used to recognise and analyse individual uncertainty and error sources affecting the overall uncertainty of the method. Typical GUM uncertainty analysis collects uncertainty components and sensitivity coefficients into a table. The Monte Carlo approach does not have a direct counterpart for sensitivity coefficients, but the task can be imitated with Monte Carlo simulations. The method is to execute the Monte Carlo simulation with respect to one error source at a time and fix the others at their best estimates. The supposed sensitivity coefficients can then be characterised from the Monte Carlo simulation results [31] .
In the present study, the uncertainty of the four-point roundness measurement of a bearing inner ring installed on a rotor shaft was evaluated. The principle for the Monte Carlo based uncertainty evaluation was to produce artificial roundness measurement data, which was biased with appropriate distributions of error contributions. A Python program was used to input a large number of this artificial biased roundness measurement data into the four-point algorithm. The procedure was as follows:
1. The calibration profile (Fig. 5 ) was used as input. 2. The input signals from S1 to S4 artificially measuring the calibration profile were distorted mathematically based on realistic distributions of error sources. 3. The distorted input signals were fed to the four-point algorithm. 4. The four-point algorithm (Fig. 3) calculated the amplitudes and phases of the resulted roundness profile Steps from 1 to 4 iterated 100000 times 5. The means and standard deviations of the resulted amplitudes and the circular means and circular standard deviations of the resulted phases of the harmonic components were calculated. Fig. 3 . Schematic of the principle of combining twopoint (Δr) and Ozono three-point (m) methods. FFT (ℱ) is utilized to filter out odd and even harmonic roundness components in two-and three-point measurements. The 0 th and 1st terms are filtered out as well, since they are not used to calculate the roundness profile. Finally, the results are combined to reveal the final harmonic roundness components (G), containing even components from the two-point method and odd components from the three-point method. With inverted FFT (ℱ −1 ) the measured roundness profile can be reconstructed. Fig. 4 . Bearing inner ring measurement setup. The bearing inner ring was measured, while installed on the rotor shaft. Other bearing components, such as roller elements, roller element holders and outer ring were uninstalled prior to the measurement. During the measurement, the rotor was supported with two additional rollers.
Error sources
The error sources and their probability distribution functions (PDF) are presented in the four-item list below. The chosen error sources and their uncertainty contributions are based on the experiences of authors in these types of measurements. The PDFs of all error sources were assumed to be normally distributed.
1. Scale error of the probes. Based on the VTT Mikes calibrations experience, a standard uncertainty of 0.3 μm was assumed for the scale error of the probes. The error was randomly generated separately from the error distribution for each measured point of the artificial roundness measurement. 2. The angular position of the probes (Fig. 6 ). In the three-point Ozono part of the four-point measurement, the angular positions should be 0°, 38°, 67°or 180°in polar coordinates (Fig. 2) . Väänänen [27] and Kato et al. [25, 26] suggested that the method is sensitive to these angles. Based on the manufacturing accuracy of the frame (Fig. 4) , the positions of the probes were assumed to vary from their theoretical angular positions with a standard uncertainty of 0.25°. The error was randomly generated from the error distribution once for each probe during each artificial roundness measurement, i.e., the angle was not assumed to vary during the measurement. 3. The vertical position of the frame (y-axis error) (Fig. 6) . The position of the measurement frame in a vertical direction may vary between measurements, i.e., the point, where the probe axes intersect each other does not coincide with the central axis of the roundness profile. It was assumed, that the vertical position of the measurement frame had an error with a standard uncertainty 0.25 mm. The 0°and 180°probes were used to position the frame precisely in a horizontal direction (x-direction). The error was randomly generated from the error distribution once during each artificial roundness measurement, i.e., the y-position was not assumed to vary during the measurement. 4. Temperature error (Temperature change of the frame). The temperature of the frame was assumed to change with a standard uncertainty of 0.5°C. The temperature of the frame was assumed to change linearly without hysteresis during the measurement from the initial value (20°C) to the final value randomly generated from the error distribution. The effect of the thermal error was modelled as a linear thermal expansion of the frame (the frame shape remained unchanged). The origin of the expansion was the centre of the frame, where the sensor axes intersect. Table 1 presents the error contributions. Due to the scale error and angular position error being calculated separately for each probe, the overall number of different error contributions is 10.
The sensitivity of the error sources was analysed by running the simulation one error at a time. In the sensitivity evaluation, the standard deviations of the error sources were increased to 1.0 μm (scale error), 0.5°(angular position error), 0.5 mm (vertical position error) and 1.0°C (temperature error).
Results
The following presents the results produced by the Monte Carlo simulation. Both amplitudes and phases produced by the simulated measurements are presented. The amplitudes are presented as such. The phases are normalized, i.e., the difference between the mean value and the original value is shown. In the figures, the uncertainty of each harmonic component is represented by error bars.
In addition, it must be noted, that the phase values and their uncertainties are expressed in the coordinate system of the corresponding harmonic component in question. 
All error sources
Fig . 7 shows the results of the simulation with all the different error sources specified in Chapter 2.4.1. Generally, the mean of the measured harmonic components had only small variations. The mean of the even component amplitudes decreased with increasing harmonic number. However, the uncertainty of the harmonic components varied substantially in both amplitude and phase results. The uncertainty of the phases of the even harmonics grew almost linearly with increasing harmonic number. The odd harmonic components produced significantly greater uncertainties than the even harmonic components. The difference is notable especially in amplitude uncertainties.
The maximum standard uncertainties were 1.31 μm (27th) and 15.73°(29th).
Sensitivity: scale error of the probes
The sensitivity of the method to the scale error of the probes is presented in Figs. 8-11 . The mean of the simulation results accurately represented the input values of the algorithm. In addition, the scale error did not have a substantial effect on the phase detected by the method. Altogether, the scale error had little effect on the uncertainties of the amplitudes considering the overall uncertainties presented in Fig. 7 . The maximum uncertainty of 0.12 μm (13th) was produced by S2. S1 error contributed to both odd and even harmonic uncertainties, since it is used in the calculation of both of them. S4 error contributed only to the even harmonic uncertainties, since it is used only for their calculation. S1 and S4 both produced similar 0.04 μm uncertainty for even harmonics. Consequently, S2 and S3 contributed only to odd harmonic uncertainties, since they are not used in the even harmonic calculation. S2 error produced greater uncertainties than S3.
Sensitivity: angular position error of the probes
The sensitivity of the measurement method to the angular position error of the probes is presented in Figs. 12-15 . The mean of both the amplitudes and phases represented the input values quite accurately. Some minor outliers were detected in the higher harmonics (higher than 25th). The highest mean amplitude error was 0.27 μm (S1, 29th) and the highest mean phase error was 1.37°(S3, 25th) .
The angular position error had practically no effect on the amplitude uncertainties of the even harmonic components, i.e., components measured only utilizing sensors S1 and S4, and thus the S4 angular position error caused no substantial amplitude uncertainties at all. However, the angular position errors in S1, S2 and S3, which were used in the odd harmonics calculation, caused some substantial amplitude uncertainties, the highest uncertainty being 1.99 μm (S2, 27th) .
The angular position error of the probes caused significant phase uncertainties for both even and odd harmonic components. Generally, the phase uncertainty was higher with increasing harmonic number. S2 and S3 errors produced an effect on the phases of the odd harmonic components only. The effect of S2 error was significantly higher in certain components, the highest uncertainty being 14.45°(S2, 29th). S1 error affected both the phases of the even and the odd harmonics. However, the phase uncertainties of the odd harmonics were smaller than those of S2 or S3 errors. S1 and S4 errors produced similar phase uncertainties for even harmonics. The phase uncertainties of the even harmonics increased almost linearly with the increasing harmonic number.
Sensitivity: vertical position error of the frame
The sensitivity of the measurement method to the vertical position error of the frame is presented in Fig. 16 . The mean values of both the amplitude and the phase of the harmonic components were detected quite accurately. However, some outliers were observed, the largest being 0.34 μm and 1.39°(both 25th). The phase of the even components was not affected by the error at all, considering both the mean and the uncertainty.
The uncertainty of the phase of the odd components had local maximums at harmonic numbers 9, 19 and 29. The largest uncertainty of the phase was 25.82°(29th).
The uncertainty of the amplitudes was substantial in consideration of certain harmonic numbers, the maximum amplitude uncertainty being 1.15 μm (25th). Table 1 Error sources and their statistical distributions (notation following [16] in the present study. Table 1 ) and 100000 iterations. Phases are normalized, i.e., the difference between the mean value and the original value is shown.
Sensitivity: temperature error
The sensitivity of the measurement method to the temperature error is presented in Fig. 17 . The mean of both the amplitude and the phase were detected to be similar to the input values.
The amplitude and phase uncertainties were small. However, unlike other cases, the temperature error caused the largest amplitude uncertainties in the lower order harmonics. The highest uncertainty was 0.39 μm (4th). The highest phase uncertainty was 4.69°(2nd). Altogether, the temperature error affected the even harmonics more than the odd harmonics.
3.6. Sensitivity: random phases of the input profile Fig. 18 presents the results that investigate the sensitivity of the four-point method to the phases of the harmonic components of the roundness profile being measured. The phases of the harmonic components of the input profile were randomly generated and thus different in each case. The amplitudes were 10 μm for all the harmonic components from 2 to 30, as in the previous tests. Notable differences in the means or uncertainties of the harmonic components were not detected. Moreover, the results are the same as in Fig. 7 in which the calibration profile with optimized phase distribution was used as an input roundness profile.
Discussion
The result shown in Fig. 7 presents the uncertainty estimates of the roundness measurement method when all the error sources discussed in Chapter 2.4.1 were applied in the simulation. These error sources (probe scale, probe position, frame position and temperature) with the specified uncertainties are the best estimate of the typical measurement conditions. The means of both the amplitude and the phase of the harmonic components of the roundness profile were detected accurately.
The maximum uncertainty of the amplitudes was c. (circa) 0.5 μm, in relation to the lower order harmonic components (below 10th). These are of interest, when considering the effect of the bearing inner ring roundness error on the dynamic behaviour of a large flexible rotor. The overall maximum uncertainty of the amplitudes of the harmonic components was c. 1.3 μm for odd components and c. 0.2 μm for even components.
The uncertainty of the phases increased significantly in certain harmonic components. Below the 10th harmonic component, the maximum was c. 5°. The overall maximum was as high as c. 16°for odd components and c. 5°for even components. However, as described in Chapter 3, the phase values and their uncertainties are presented in the coordinate system of the harmonic component in question. The phase uncertainty of a certain harmonic component in the workpiece coordinate system is calculated by dividing the value by the harmonic Fig. 8 . Simulation output with only S1 scale error (1 μm STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 9 . Simulation output with only S2 scale error (1 μm STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown.
number, e.g., 15 .73°uncertainty at 29th component denotes 15.73°/ 29 = 0.54°in the workpiece coordinates. Consequently, the phase uncertainties rising with the harmonic component may be misleading, if this issue is not concerned.
Odd and even harmonic components
The odd harmonic components produced generally higher uncertainties than the even components in both the amplitudes and the phases. The reason is in the combination of two different measurement methods: the odd harmonic components were measured utilizing the Ozono three-point method and the even with the two-point method.
Scale error of the probes
The results suggest that the four-point method is insensitive to the scale error of the probes. The scale error of the sensors used in the research (Heidenhain MT12) contributed only a little to the overall uncertainties of the amplitudes. The phases were not affected at all.
The small cosine type alignment errors of the probes were excluded from the study, since their magnitude would have been insignificant compared to other error components.
Angular position error of the probes
The uncertainty of the amplitudes of the odd harmonic components was mainly affected by the angular position error of the probes. However, the phases of both even and odd components produced significant uncertainties, the highest being c. 14°. The angular position error, especially of S2 and S3, made a main contribution to the overall uncertainty of the method.
Vertical position error of the frame
The vertical position error produced similar level amplitude uncertainties as the angular position error of the sensors. In this case, the highest phase uncertainty was detected (c. 26°). However, only the odd harmonic components were affected with the vertical position error being the only error source.
Temperature error
Temperature error had a very small effect on the amplitude uncertainties. The effect was mainly seen in the lower harmonics. However, the highest and almost only significant phase uncertainty (c. 5°) was detected in the 2nd harmonic component, which was an important contribution to the overall uncertainty of the method.
The short measurement time, controlled measurement environment Fig. 10 . Simulation output with only S3 scale error (1 μm STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 11 . Simulation output with only S4 scale error (1 μm STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown.
and, in typical applications thermalized workpieces mitigate the effect of the temperature on the overall uncertainty of the measurement method.
Random phases
The results produced by the randomly generated phases of the harmonic components in the input profile showed that the measurement method or its uncertainties were not sensitive to the phase angles Fig. 12 . Simulation output with only S1 angular position error (0.5°STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 13 . Simulation with output only S2 angular position error (0.5°STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. of the harmonic components. This supports the assumption that the overall uncertainty of the method is insensitive to the actual roundness profile that is being measured. No notable differences were found.
Limitations
The Monte Carlo simulation based uncertainty evaluation may average the errors. The error source may not be as normally distributed as assumed and the zero expectation values may be erroneous [32] . To Fig. 15 . Simulation output with only S4 angular position error (0.5°STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 16 . Simulation output with only vertical position error (0.5 mm STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 17 . Simulation output with only thermal error (1.0°C STD) and 100000 iterations. Other error sources were set to zero. Phases are normalized, i.e., the difference between the mean value and the original value is shown. Fig. 18 . Four simulation outputs with randomly generated phases of the input profile. All the error sources were used (quantities presented in Table 1 ) and number of iterations was 100000. resolve this problem, autocorrelation and cross correlation studies between different sensitivity cases should be undertaken.
The error distribution values were based on the best hypothesis of the authors. The values may have been erroneous and there may be other, more significant error sources not presented in this study.
Conclusion
The measurement uncertainty is an essential property of a measurement method. This present study investigated the multiple possible error sources and their influence on the overall uncertainty of the detected amplitudes and phases of the harmonic components of the roundness profile were investigated. The four-point roundness measurement method was shown to be robust and feasible in both industrial and scientific use. However, vibration and insufficient stiffness of the measurement device may increase the overall uncertainty of the method in industrial usage.
Below the 10th harmonic component of the roundness profile, both the amplitude and phase uncertainties were on an acceptable level with the proposed error contributions. The method is considered valid for the presented application, where the roundness profile of the bearing inner ring installed on the rotor shaft is measured and analysed to determine its contribution to the vibration excitation.
The uncertainty of the phase was found to be highly dependent on the angular position of the sensors as well as the vertical position of the measurement frame. Relatively high phase uncertainties were detected, especially considering the higher harmonic components (over the 10th), albeit the uncertainties in the actual workpiece coordinate system remain minor. Consequently, as a result of the present study, the accurate angular positioning of the sensors and vertical positioning of the frame should be emphasized, since they seem to have the greatest contribution to the overall uncertainty of the measurement method. The angular error of the sensor positions is more a measurement frame manufacturing related problem and is avoidable with a strict angular tolerance. The vertical error of the frame is more dependent on the measurement setup and the operator. Here, a certain level of automation can provide a reliable solution for the correct vertical position of the frame.
The problems related to the higher order harmonic component phase uncertainty detected in the present study are considered significant and their influence on the precision manufacturing accuracy has to be investigated. Fig. 19 presents an example of the possible measured roundness profiles, when only the phase error is considered. Significant deviations from the input profile are observable. For example, in some applications, the bearing inner ring roundness profile is optimized through the predictive grinding [12] of the installation shaft of the rotor. Here the phase error may cause severe problems to the manufacturing accuracy due to erroneous roundness profile feedback. In an extreme situation, due to phase error, the amplitude of certain harmonic components may become two-fold after the grinding with the feedback information. Fig. 19 . Example of the phase uncertainty distorted roundness profiles. The blue input roundness profile is the same as in Fig. 5. A) . The red curves represent roundness profiles, which were reproduced by using the standard amplitude 10 μm for all the harmonic components and using the phases interpreted by the algorithm in two Monte Carlo iterations in case of "vertical position error of the frame". (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
